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1 Introduction. Auxiliary tools

1.1 Relations and mappings

Definition 1 Any subset of the cartesian product A x B is called a binary
relation, or just relation, between sets A and B.

The fact that (a,b) € R, where R is a relation between A and B, is usually
denoted aRb. E.g. for the sets A = {Adam, Socrates, David Beckham} and B =
{Eve, Xanthippe, Maria Theresa} one can introduce the partnership relation
P = {(Adam,Eve), (Socrates,Xanthippe)}. Another example of a relation is the
ordering on R, represented by the symbol <, or the equality of elements in R.

Definition 2 Let R be a relation on the set A (i.e. R Ax A). R is called

(i) symmetric iff
(a,b) e R < (b,a) € R;

(ii) transitive iff
(a,b) € R&(b,c) € R = (a,c) € R;

(#ii) reflexive iff
YVae A: (a,a)€ R.

E.g. equality of real numbers is a symmetric, transitive and reflexive relation.
The relations <, < on R are transitive, < is in addition reflexive.

Mapping f of a set A into B is a relation f € A x B which satisfies:
Vae Adlbe B: (a,b) € f.
We also write f: A —> B, f:a—b, f(a) =b.

Image of the set A’ under f: A — B is the set
fAY) :={f(a); ac A'}.

Injective mapping is characterized by the property
fla1) = f(az) = a1 = az.

Inverse mapping to an injective mapping f : A — B is the mapping f~! :
f(A) — A defined by
fHb) =a<= f(a) =0

Surjective mapping satisfies
f(A)=B.

We also say that f maps A onto B.



Bijective mapping, or isomorphism, is an injective and surjective mapping.
If there exists an isomorphism between A and B, then we say that A and B are
isomorphic.

Using isomorphisms we can categorize sets: We say that a set is finite if it is
isomorphic with the set {1,...,n} for some natural number n € N. Countable
set is isomorphic to N. A set is infinite if it is not finite. A set is uncountable
if it is neither finite nor countable.

E.g. N, Z, Q are countable, R is uncountable.

Compound mapping. Let f: A—> Bandg: B— C. Thengof:A—-C
is a mapping composed of f and g, defined by

go fla) = g(f(a)).

1.2 Linear spaces

Definition 3 A non-empty set V is called a linear space if there are relations
+: V xV =V (addition of vectors) and - : R x V. — V' (multiplication by
scalars), if for any &,4,Z€V and a, B € R the following holds:

—

1. V2, yeV: 2+§=9y+2;
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VZ,§,ZeV: (Z+7) + (7 + 2);
Va,BeRVZeV: a-(8-7) = (af) - T;
VaeRVEGFeV: a- (F+y) =a - T+a

Va,BeRVZeV: (a+8) - F=a-Z+ 8 7;

VZeR: 1-Z=2;

R N R L

VeV VieV: 0-7=0.

The elements of a linear space are called vectors. Real numbers in the
context of the multiplication - : R x V' — V are called scalars. The element 0
is called the zero element or the zero vector. From the properties 1.-7. one
can deduce the following properties of the zero vector OeV:

o VFeV: F+0=4,

e VaeR: a-6=6,

e VZeVVaeRa#0: a-£=0=7=0.
Example 1 The following are linear spaces:

o Euclidean spaces R, R?, R™ (with componentwise addition and scalar mul-
tiplication);

—
7

e trivial space {0} (a0 =0+0=0)



e the space F of real functions ((af)(x) := f(azx), (f+g)(z) = f(z)+g(x));
e the space of polynomials P;
o the space of polynomials Py, of degree < n.

Definition 4 We say that W is a subspace of a linear space V iff W < V and
W with the relations +, - adopted from V is a linear space.

E.g. P, is a subspace of P and both are subspaces of F.
To decide whether a set is a subspace of V' it may be inconvenient to verify
all 7 properties of Definition [3] The following assertion simplified this process.

Theorem 1 Let V be a linear space and & # W < V. Then W is a subspace
of V if and only if
(i) VE,ge W: Z+geW,
(ii) VEe W, aeR: a¥ e W.
Intersection of linear spaces is a linear space. On the other hand, union of
linear spaces is in general not a linear space. For example, let Aﬂz {(a,0); a €
R} and B = {(0,3); 8 € R} be subspaces of R%2. Then An B = {0} is the trivial

space, while A u B = {(,); @ = 0or § = 0} is not a linear space since e.g.
(1,0) + (0,1) =(1,1) ¢ Au B.

Definition 5 Let 71,25, ..., T, be elements of a linear space V and a1, as, ..., ay
be real numbers. Any vector

1T + oZo + ... + anZy,

18 called a linear combination of the vectors &'y, To, ..., T,. The numbers ai, s, ...
are called the coeficients of the linear combination.

Definition 6 If all coefficients are zero then a linear combination is said to be
trivial. A nontrivial linear combination is such that at least one of its coefficients
18 nonzero.

Note that a trivial linear combination always equals zero vector.

Definition 7 A finite set of vectors {Z1,...,&,} is called linearly dependent if
there exists their nontrivial linear combination which equals zero vector. Briefly,

we say that vectors Ty, ..., T, are linearly dependent.
A set of vectors {Z1,...,Z,} is linearly independent if it is not linearly
dependent.

Two and more vectors are linearly dependent if and only if one of the vectors
is a linear combination of the remaining ones. E.g., functions cos®z, sin®x,
cos 2z are linearly dependent elements of the space F, because for any x € R it
holds: cos2z = cos? z + (—1)sin® z.

Linear (in)dependence can be generalized to infinite sets of vectors as follows.

7an



Definition 8 A set M of vectors is called linearly dependent if there exists a
finite linearly dependent subset of M.
A set M is called linearly independent if it is not linearly dependent.

An example of a linearly independent set in P is the set {1,z, 22, 23, z4,...}.

Definition 9 Linear span of a finite set {Z1,...,Z,} is the set of all linear
combinations of these vectors. Linear span of an infinite set M is the union of
linear spans of all finite subsets of M.

Linear span of {Z1,...,#,} is denoted {(&1,..., &, ), linear span of a set M
is denoted (M ). If M is a subset of a linear space V then (M) is the smallest
linear space containing M.

Definition 10 A set = V is called a basis of a linear space V' if:
(i) B is linearly independent,
(ii) (B)=1V.

Theorem 2 Fvery linear space has a basis. If By and By are bases of V' then
they both are infinite or have the same number of elements.

Theorem 3 Let vectors &y, ...,2Z, form a basis of a linear space V. For any
Z eV there exists exactly one n-tuple of numbers (c1,...,c,) such that

TF=c1T1+ ...+ c T

Definition 11 The numbers c1,. .., c, from the previous theorem are called the
coordinates of the vector & in the basis T1,...,ZTy.

Definition 12 The number of elements in any basis of a linear space V is called
its dimension and denoted by dim V. Special cases are:

e The trivial space, whose dimension is 0.

e Spaces with infinite bases, in which case we define dimV = +o0.
If M is a subspace of a linear space V' then dim M < dim V.

Theorem 4 Let V' be a linear space with dimV = n, and M = {Z1,...,Zy}.
The following is true:

1. If M is linearly independent then m < n.
2. If m > n then M is linearly dependent.
3. Let m = n. Then M is linearly independent iff (M) = V.



1.3 Linear mappings and matrices

Definition 13 A mapping f of a linear space V into a linear space W is called
linear if it satisfies for every a« € R and &,y V:

flaZ +7) = af (%) + (7).
Kernel of f is the set
ker f := {Z e V; f(&) =0}

Range of f is the set
R(f) = f(V).

A linear mapping f is injective if and only if ker f = {0}.

Theorem 5 If #1,...,%) are linearly dependent then f(Z1),..., f(Zx) are also
linearly dependent. If in addition f is injective then these properties are equiv-
alent:

Z1,..., Tk are linearly dependent < f(Z1),..., f(Z) are linearly dependent.

Definition 14 A real (complex) matrix of type (m,n) is a symbol

1,1 a1,2 e ain
@21 az.2 e az.n -1 "
= - aij)l:l ,m?
Am,1 am,2 cee Omn
where for i = 1,...,m and j = 1,...,n, the symbols a;; are real (complex)

numbers.

The set of all (real) matrices of type (m,n) will be denoted R™*™. Addition of
matrices and multiplication of a matrix by a real number is defined componen-
twise. Consequently, the set R™*"™ is a linear space.

Definition 15 We say that B € R™*™ 4s the transposed matrix to the matriz
A e R™*™ 4ff
Vi = 1,...,m V] = 1,...,7’7,2 aij :bji-

The transposed matriz is denoted B = AT.
Definition 16 We say that A is symmetric if A = AT,

Product of A € R™*™ and B € R™*? is a matrix C € R"*P whose components
satisfies:

n
Cij = Zaikbk’j? i=1,...,m, j=1,...,p.
k=1



Matrix multiplication is non-commutative, i.e. in general AB # BA. For all
matrices of proper types (such that multiplication is possible) it holds:

A(BC) = (AB)C,
(A+B)C=AC +BC,
(¢A)B = A(aB) = a(AB), aeR.

Definition 17 A square matriz I = (e; ;) € R™*™ is called the unit matrix if
its components satisfy: e;; =0 fori# j and e; ; =1 fori = j.

Definition 18 We say that B € R™ " is the inverse matrix to A € R™*" iff
AB = BA = 1. The inverse matriz is denoted B = A='. If A~ exists then A
1s called nonsingular. Otherwise A is called a singular matriz.

Definition 19 Rank of a matriz A, denoted rank A, is the number of its lin-
early independent rows.

It also holds that the rank is equal to the number of linearly independent
columns, i.e. rank AT = rank A. A matrix A € R"*" is nonsingular if and
only if rank A = n (we say that it has full rank).

Definition 20 Permutation of n elements is an ordered n-tuple of numbers
1,2,...,n such that it contains every number just once.

Note: there exist n! distinct permutations of n elements.

Definition 21 Let (i1,1i2,...,i,) be a permutation of n elements. The number
of inversions of this permutation is the number of pairs (ix,i;) such that iy > i,
and k < 1.

Definition 22 For every permutation © = (iy,...,i,) we define its sign sgnm
as follows:

+1 if m has an even number of inversions,
sgnmw = , _ .
—1 if ™ has an odd number of inversions.

Interchanging two elements in a permutation causes the change of its sign.

Definition 23 Let A = (a;;) € R™*". Determinant of A is the number
det A = 2 (sgum)a i, G2,y * - Gn iy, -
T=(i1 2,0 sin)

In the above formula, the summation is done over all permutations of n ele-
ments, i.e. there are n! addends.

Theorem 6 Let A,B € R"*™. Then



1. det A = 0 if and only if A is singular,
det AT = det A,

det(AB) = (det A)(det B),

det(A~!) =1/det A.

v e e

If B can be obtained from A by interchanging two rows then detB =
—det A.

6. If A has two identical rows then det A = 0.
Note that for A € R?*2 the determinant can be expressed as follows:
det A = a11a22 — A12a217.

For A € R3*3 the formula for determinant reads:

det A = aj1a22a33 + a12a23a31 + 13021032

— (11023032 — 412021033 — @13022031 -

Definition 24 A number A € C is called an eigenvalue of a (complex) matriz
A € C™*™ if there exists a nonzero vector i € C™ such that

Ai = .

The vector U is called the eigenvector of A associated with the eigenvalue X. The
set of all eigenvalues of A is called the spectrum of A and is denoted o(A).

The number X is an eigenvalue of A if and only if the system (A — AI) has
a nontrivial solution, i.e. when A — AI is singular, which is equivalent to the
condition det(AI — A) = 0. The polynomial xa (A) := det(A\I — A) is called the
characteristic polynomial of the matrix A. Hence, \ is an eigenvalue of A if it
is a root of ya. We remark that a real polynomial can have complex roots, thus
a real matrix can have complex eigenvalues. But if a real matrix is symmetric
then all its eigenvalues are real.

1.4 Systems of linear equations

In what follows we shall identify vectors from R™ with matrices of type (n,1),
i.e. @€ R™ means the same as @ € R™*1,

1 bl
Definition 25 Let A e R™", # = | : |eR" andb= | : | € R™. Then

Tn bm
the matriz equality



18 called a system of m linear equations for n unknowns. The matrixz A is called
the system matrix and the vector b is the vector of right hand sides. Eztending
the system matriz by the vector of right hand sides (for clarity separated by a
vertical line) we obtain the matriz (A|b) € R™* (1) called the extended system
matrix.

Definition 26 A vector @ = (aq,...,a,) € R™ is said to be a solution of the
system AZ = b if it satisfies:

Theorem 7 (Frobenius) A system AZ = b has a solution if and only if
rank A = rankA\g,
i.e. when the extended system matriz has the same rank as the system matriz.

Definition 27 Let AT = b be a system of m linear equations with n uknowns
and CZ = d is a system of k linear equations with the same number n of
unknowns. We say that these systems are equivalent iff they have identical sets
of solutions.

Theorem 8 To every system AT = b there exists an equivalent system CI = d
whose matriz C is upper triangular.

Definition 28 If at least one element ofl_; 18 nonzero, then we say that the
system AZ = b is nonhomogeneous. If vector b is identically zero, we call the
system homogeneous and write

AZ =0.

Theorem 9 The set My of all solutions to a homogeneous system AZ = 0 with
n unknowns is a linear subspace of R™.

Theorem 10 Let A7 = 0 be a homogeneous system of linear equations with n
unknowns and denote k := n —rank A. Then there exist k linearly independent
vectors iy, ...,Ur € R™ which form a basis of the set My of all solutions to
AZ =0, i.ec.

My = iy, ..., Up).

Consequently, dim My = n — rank A.

—

Definition 29 Any solution v € R™ of a nonhomogeneous system AZ = b is
called a particular solution of this system.

The system AZ = 0 is called the associated homogeneous system to the
system AX = b.



Theorem 11 1. Let ¥ be a particular solution to the nonhomogeneous sys-
tem AZ = b and U be any solution of the associated homogeneous system
AZ =0. Then ¥+ @ is also a solution to the system AZ =b.

2. Let U and W be two particular solutions to the nonhomogeneous system

AZ =b. Then & — 1 is a solution to the associated homogeneous system
A7 =0.

Theorem 12 Let v be a particular solution of the system AZ = b and My be
the set of all solutions to the associated homogeneous system AZ =0. Then the
set M of all solutions to AZ = b is given as follows:

M = {0+ u; @e My}.
Theorem 13 (Cramer’s rule) Let A be a nonsingular matriz. Then the i-th
component of the solution to AZ = b satisfies:

o — detBZ
" detA’

where the matriz B; is identical to A up to i-th column, which is replaced by
the column of right hand sides.

2 Iterative methods for systems of linear equa-
tions

In this section we shall deal with the numerical solution of the system
AZ =D

We assume that the reader is familiar with the Gaussian elimination method, an
example of the so-called direct methods. Its main advantage is the universality
— the method can solve in exact arithmetics any system with a nonsingular
matrix. A disadvantage is its computational complexity (O(n?)) and also that
during the computation the user has no information about the result. For
systems with large sparse matrices A, which arise in many practical problems,
or for problems where the matrix is not given explicitely or it is expensive to
assemble, it can be advantageous to use iterative methods. These methods use in
principle only multiplication of vectors by A and throughout the computation
they improve the approximation of the exact solution. The convergence of
iterative methods can be either asymptotic or in finite number of iterations.

2.1 Classical iterative methods

Classical iterative methods are based on the splitting A = M + N such that
the matrix M is nonsingular and easily invertible and M and N are chosen in
a suitable way. Using the identity AZ = b we obtain:

T=7+M'(b— AZ).

10
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Figure 1: Transition effect of a classical iterative method.

Given an initial approximation Zy of the solution, one can define the iterative
process as follows:

T =T + M (b= AZp_y) = (I-M 'A)T_y + M5,

From these identities one can show that the approximation error satisfies the
estimate L
T @ M A < T M AP
|17 — Zo
where for k large |[(I — M~1A)¥| ~ p(I — M~tA)* (the symbol p(A) denotes
the so-called spectral radius of A, i.e. max{|Al; A € c(A)}). We therefore see
that the methods converge to the exact solution if

pI-M1A) < 1.

Even if this condition is satisfied, it can hold that |[I - M~'A|* > 1. In such a
case one can observe the so-called transition effect, i.e. the approximation error
first grows and only after certain number of iterations it starts decreasing (see

Fig. .

Examples of classical iterative methods. The following methods are based
on the splitting A = D — L — U, where D is the diagonal part, —L is the strict
lower triangle and —U is the strict upper triangle of A. From the equation

D-L-U)Z=b

one can derive particular methods.
Jacobi’s method is defined by the iteration

D# = Lty + Uip_q + b.

Writing this identity componentwise (:viC denotes the i-th component of Zy), we
obtain for i =1,...,n:

1 n
xf = — bl — Z aijmffl .
Qg

J=Lj#i

11



A disadvantage of this method can be that during the computation one needs
to store two successive approximations Zp_1, ¥r. Gauss-Seidel’s method
differs from the previous one in that it immediately uses the newly computed
components of Zy, i.e.

1 i—1 n
k _ k k—1
r; = ? bl — Z CLij.’Iij — Z aijmj .
w j=1 j=i+1

The computed components can thus replace the old ones within the same com-
putational array. In the matrix form this method reads:

D7, = L, + UZp_1 + g

From the Gauss-Seidel method one can derive the Successive over-relaxation
method (SOR), which works with a relaxation parameter w € [0,2] and is
defined by the relation

-,

Dz, = w(L:E'k + UZp_1 + b) + (1 — w)ka_l,
i.e. it combines the Gauss-Seidel method with the previous approximation.

Example 2 Consider the matrix
0.01 —-04
A= ( 0 0.01) '
The convergence of the Jacobi method for this matrixz depends on the properties
of the matrix
I-D'A = (0 _40) :

0 0

Since this matriz has only one eigenvalue A = 0, the condition p(I— D tA) <
1 is satisfied and hence Jacobi’s method converges. On the other hand, |I —
D 'A| =40 > 1, hence during the computation one can observe the transition

effect.

2.2 Krylov subspace methods

An important class of iterative methods is based on the idea of projecting the
system AZ = b onto a sequence of the Krylov spaces and so obtain successive
approximations.

Definition 30 Let A € R™*"™, € R™ and k < n. The k-th Krylov space is the
set
Ki(A, ) = (T, AT, A%7,..., AF15),

The methods which will be mentioned in the sequel, belong to the general class
of the so-called projection methods which construct approximations in the form

i:’kei:'0+8k, FkJ_Ck,

12



where 7, 1= b— ATy is the residual and Si and Cj are suitable subspaces. The
space Sy is usually the Krylov subspace K (A, ), but other choices are also
possible, e.g. AKy(A, 7). By the choice of the space C one can achieve the
optimality of the approximation in the sense that the approximation error ¥ —Z
is minimal in some norm. If the dimension of Si, C increases, then for k = n
we obtain C,, = R™ and from the condition 7, L R™ it follows that 7, = 6, i.e.
T, = T is the exact solution. In other words, if the dimensions of S, Cy, increase
then the projection methods find the exact solution of the system Az = b in at
most n steps.

2.2.1 Conjugate gradient method (CG)
This method is intended for symmetric positive definite matrices.

Definition 31 A matrizc A € R™ "™ s called positive definite if for every
nonzero vector ¥ € R™ it holds:

AZ-7>0.

The expression
|Z|a := VT AZ

is called the energetic norm or A-norm. We say that the vectors u,v € R™ are
A-orthogonal if
u-Av = 0.

The approximations in CG are constructed according to the formula
Ty 1= Th—1 + Ye—1Pk—1,

where pj_1 is called the conjugate vector and 7;_1 is the step length. These
parameters are determined as follows:

e pj is chosen in the form py := 7 + dxPr_1 in such a way that it is A-
orthogonal to pi_1, i.e. Pk - Apx—1 = 0, which can be achieved for
Tk * 71
5 1= k- Tk

Tk—1" Tk-1

e 7;_1 is such that the energetic norm |Z — Zj| o is minimal. That happens
if
oy = Th—1 Pk—1 _ Th-1"Tk-1
—1:1= 3 — = = —.
Pk—1 " ADk—1  Pk—1 ADk—1

Using the above properties, one can show that CG is a Krylov subspace method
since

Tr e To+ Kr(A, 7)), 7 L Ki(A, 7).

The CG method can also be interpreted as a method for finding the minimum
of the quadratic functional %9? - AZ — 7 -b. The following algorithm represents
the standard implementation of CG.

13



Algorithm A1 Conjugate gradient method

input A, g, Zo

L Tr—1Tr—1

Te=1 = e Apr_

Tk = T—1 + Vk—1Pk—1
Tk 1= Th-1 — Vk—1APk_1

Su = Tk
k= m

D := Tk + OpPr—1
end

We see that each iteration involves 1 multiplication of the matrix A with
a vector and during the process it is necessary to store only 4 vectors. CG is
therefore very efficient particularly for large sparse matrices. If the matrix is
symmetric positive definite then CG in exact arithmetics finds the solution after
at most n iterations. In practice, however, due to rounding errors the vectors
{Px} lose their A-orthogonality (and {7} lose their orthogonality), which causes
the delay of convergence, i.e. even after n steps &, # #. This deficiency can
be fixed by multiple orthogonalization of 7} with respect to all {7; f;ol (double
orthogonalization is usually sufficient).

Now we mention some facts about the convergence rate of CG. For this
reason we introduce the condition number.

Definition 32 Let A be a symmetric positive definite matriz. The condition
number of A is defined as

where Amaz(A), Amin(A) stands for the largest and smallest eigenvalue of A,
respectively.

Denoting €} := Ty — T the error of k-th approximation then the following esti-
mate holds:

k
da _ o (VA 1

léofa ~ T\ /=AY +1)
Notice that the fraction in brackets in the previous inequality is always less
than 1. If 5(A) is close to 1 then the estimate says that the error decreases
very rapidly. For ill-conditioned matrices (i.e. 3(A) is large) the number in
brackets is close to 1 and the estimate can be too pesimistic (it overvalues the
real size of the error). Ill-conditioning however ofter causes a slow convergence
of the method. This fact can be overcome by preconditioning (see Section ,

i.e. by replacing the system A7 = b by an equivalent system A7 = b with a
matrix A that is better conditioned than A.

14



2.2.2 Generalized minimal residual method (GMRES)

The GMRES method can be characterized as a projection method which satis-
fies:
:Z"k € fo + /Ck(A,F()), Fk 1 Alck(Aﬂ?())

Its property is that in each iteration it minimizes the residual norm ||/ |. It
leads to the least squares problem whose efficient implementation is technically
demanding. For that reason we do not present its algorithm here. An inconve-
nient property of GMRES is that it produces a sequence of orthogonal vectors
{Uk} that have to be stored (we say that the method generates long recurrences)
and so a large amount of memory may be required. For this price however the
method can solve any system with a nonsingular matrix.

Similarly as for CG, due to rounding errors the convergence of GMRES is
delayed since the system {0} } loses its orthogonality. For GMRES it is hence also
usefull to perform reorthogonalization. The memory requirements are usually
reduced by the so-called restart — the program stores only the last m vectors
{T;}k .41 instead of the whole sequence.

2.2.3 Biconjugate gradient method (BiCQG)

The last example of a frequently used Krylov subspace method is BiCG, which
in contrast to the previous methods solves simultaneously two systems: AZ = b
ans ATy = & Denoting 53 := ¢ — AT¢y, then BiCG is characterized by the
relations

Ty € o + Kp(A,7), 7 LKR(AT, 5),

Jr € G0 + Kiu(AT,50), &K L Ki(A, 7).

Vectors {r};} and {53} are mutually biorthogonal: §; -#; = 0 for ¢ # j.

Algorithm A2 Biconjugate gradient method (BiCG)
inI)Ut A7 b7 57 507 ?jO

Fo Szﬁo =ngfO
o= :==C— AT
for £k =1,2,

Te=1 = G APt

T 1= Tp—1 + Vh—1Pk—1
T = The1 — YVe—1ADk—1
Uk 1= Yh—1 + Yo—1qk—1

T = 8p—1 — Vi1 AT @1

S = — Sk Tk
k= S

Dk := Tk + OpPr—1
Ok = 5k + OkGr—1
end

This method generates short recurrences, i.e. it is efficient in terms of mem-
ory usage, and can be applied to any nonsingular matrix. However, in compari-
son with CG and GMRES the convergence of BiCG is not guaranteed. Actually,

15



if A is nonsymmetric then it may happen that 7% - §x = 0 and the algorithm
terminates.

2.3 Preconditioning

As it was shown in Section the convergence of Krylov subspace methods
is closely related to the condition number of the matrix A. We shall demon-
strate the idea of preconditioning for CG (one can proceed similarly with other
methods). Let C be any nonsingular matrix. Then the system AZ = b with a
symmetric positive definite matrix can be written as follows:

(C'AC ) (CTE) =C'b.

Denoting A = CTACT, ZF:=CT7 and b := Cfll_)‘, the new system can
be written as A% = 5, where A is again symmetric positive definite. This
system can be solved by CG and the approximations of the new and original
system satisfy the relation Z; = C~'Z;. For completeness we present here the
algorithm of the preconditioned CG method:

Algorithm A3 Preconditioned conjugate gradient method (PCG)
input A, g, Zo

= b— Ay

Zo 1= C_TC_lfo

Do 1= Zo

for k=1,2,...

5 e Zro1Tho
k=1 = 5 1 Apn_1

Tp i= Tp—1 + Yx—1Dk—1
Th i= Th1 — Ye—1APr_1
2 1= CiTcilf}k

S o ZuTk

O : Zp—1Th—1

Dk := Zk + OpDPr—1
end

We remark that in this algorithm we never compute the inverse matrix C~!,
but the operation ), := C~TC~1#, is transformed to successive solution of two
systems

Cyj=r, C'z,=4¢.

For an efficient solution of the new system it is necessary to choose the matrix
C according to the following rules:

e The matrix C is chosen in such a way that CG converges as fast as possible.
In ideal case, A = C"TAC~T ~ L

e It has to be possible to solve the systems Cij = 7, and CT Zj, = i/ fast.

e If A is sparse then also C should be sparse. Otherwise the memory and
computational requirements increase substantially.
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An efficient choice of the preconditioning matrix often arises from the given
(e.g. physical) problem or from a specific structure of the matrix A. Commonly
used general preconditioning techniques include e.g.:

e incomplete Cholesky decomposition (for symmetric positive definite ma-
trices), which constructs a lower triangular matrix C such that A ~ CCT,

e incomplete LU decomposition (for general nonsingular matrices): A ~
LU, where L is lower triangular and U is upper triangular. The precon-
ditioned system then has the form

(L'AU N (UZ) = L.

3 Introduction to functional analysis

In this section we shall study some abstract terms such as the metric, the norm
and the scalar product. Before introducing the general notion we start by the
example of space of continuous functions.

3.1 Space of continuous functions

In what follows, €2 denotes an open connected set in R, R? or R3. We remind
that an open connected set is called domain. For simplicity we shall assume
that Q is bounded. The boundary of €2 will be denoted 0f2, for the closure we
use the symbol Q := Q U 0.

Let C(2) denote the linear space of all continuous functions in Q. For any
functions u,v € C(Q) we define the following operations:

Definition 33 Scalar product of functions u,v € C(Q) is the (real) number
(u,v) :=J u(x)v(x) dx.
Q

Norm of a function u € C(Q) is the number

ol = /) = W

Distance of two functions u,v € C(Q) is the number
02(u, ) = |lu = vla.

The distance g is also called the metric. One can easily show some basic
properties of the above defined scalar product, norm and metric:

Theorem 14 Let u,v,w € C(Q) and a, 3 € R. Then
(i) (u,u) =0,

17



(i) (u,v) = (v,u),
(ii1) (ou + Bv,w) = a(u,w) + B(v,w),
() (u,u) =0<u=0vQ.
Theorem 15 Let u,v e C(Q) and a € R. Then
(i) fulz =0=u=0vQ,
(i) |loulz = |af|ul2,
(iit) Ju+vl2 < Julz2 + [v]2.
Theorem 16 Let u,v,w € C(Q)). Then
(i) o2(u,v) =0 u=0v0vQ,
(ii) 02(u,v) = o2(v,u),
(i) 02(u, w) < 02(u,v) + 02(v, w).

In addition to the above introduced norm and metric, it is possible to define
the following norm and metric in the space of continuous functions:

|ulloo := max |u(z)]
ze)
000 (U, 0) 1= |Ju — v 5.

One can show that Theorem [15| and [16] hold if we replace | - |2 by | - [« and o2
by 0.

Example 3 Consider the functions

and v(z) = 0.

u(z) = 10sin(100072) forme'[O, To59)
0 otherwise

Let us compute the distance of u and v:

1/1000
02(u,v) = f 100 Sin2(10007r3:) dz
0

x  sin(20007z) 1/1000 1 .
=4/100 |2 - —— "% = —— =10,224.
2 40007 0 2v/5

=

(u,v) = 10sin(1000 = 10.
000 (1, v) me[(gg%(oooﬂ sin( )]

18



The metric oo, appears more natural for the measurement of the deviation
of two functions since it measures the maximal pointwise difference. Anyway,
there exist reasons for using g, instead of p4. First, the metric g2 is introduced
using the scalar product, which plays an important role in certain problems. On
the set of continuous functions it is not possible to define a scalar product with
reasonable properties, which would induce the norm | - | and the metric gq.
Another reason is that many applications deal with discontinuous functions. It
is not easy to extend gy to a more general class, while the extension of g to
a sufficiently general class of functions is very straightforward and leads to the
space L2.

3.2 Spaces LP(Q))
Definition 34 Let p € [1,00). The space LP(Q) is the set

LP(Q) = {u : Q> R; L u(z) dx < oo, JQ |u(z)|P dx < oo} .

equipped by the norm

lu

= ( [ o ao) "

If it is evident what domain is considered then we shall write only |ul,.
From the definition it follows that every continuous function in Q belongs to
LP(Q) for all p € [1,00). These spaces contain also many other functions — e.g.
discontinuous or unbounded ones. We remind that for correctness the integrals
used in Definition [34] have to be considered in the so called Lebesgue sense.

Example 4 Consider the function
1
defined in Q := (0,1). It holds:
pols = [ = do = [2va]l o =2
u = — dx = €T =2,
o Ve v=0

and thus w € L'(0,1). On the other hand

11
ul> = J—dw=+oo,
0 T

hence u ¢ L*(0,1). The function
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belongs both to L1(0,1) and L?(0,1), since

J: v(x) de = Ll % dx = fol lv(x)]? do = J: \3/% dx = 3.

If the domain §) is bounded then always L*(2) = L'(Q), or more generally, for
1 <p<gq< oo it holds that L1(Q)) < LP(£2).

)
3
27

Example 5 The function

-1 forx<0
sgnz =<0 forz =20
1 forxz >0

is an element of the space LP(—1,1) for any p € [1,0), because

1 0 1 0 1
J |sgnz|? dx =J | sgn z|? dac—l—f |sgnz|P dx =J 1 dx—i—f 1 dx =2,
-1 —1 0 1 0

and thus |sgnx|, = {/2. Similarly, the function

(2) = 0 forx #0
= 10 forxz =0

belongs to LP(—1,1), p € [1,0), and its norm is |ull, = 0. We see that the
norm is independent of the function value at x = 0. It is even not needed that
the function is defined at 0.

We have shown that the spaces LP({2) contain also some discontinuous and
unbounded functions. A function that is zero everywhere except for a single
point has zero norm, i.e. it is in some sense equialent to the zero function. More
generally, if a function equals zero everywhere in 2 except for a set of measure
zero, then its norm is zero. For example, every finite and every countable set
has zero measure.

Definition 35 Let the functions u,v € LP(2), p € [1,0) be equal almost every-
where in the domain 2, i.e. everywhere except for a set of zero measure (where
their values are different or some of the functions is not defined). The we say
that w and v are equivalent in LP(Q) and we write u = v in LP(Q).

Functions u and v from the above definition are considered identical in the space
LP(Q). Equivalent functions w,v in LP(€)) are characterized by the property

|u(z) — v(z)|P de = 0.
Q

In L?(Q) one can introduce the metric g, o(u,v) := |u — v||, . In addition,
the space L?(Q) is endowed with the scalar product from Definition

(u,v)q := JQ u(z)v(x) de, u,ve L*(Q).
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The finiteness of the scalar product of any u,v € L?(Q) is a consequence of the
Schwarz inequality:

Yu,ve L*(Q) : [(u,v)al < [ulzelv]20,
which is a special case of the following more general statement:
Theorem 17 (Holder’s inequality) Let p,q € (1,0) satisfy the relation
1 1
- + —
P q
Then for all functions u € LP(Q2) and v € LI() it holds:

L w(@)o(z) dz| < ( JQ () P dx) Up qﬂ ()| dx) "

3.3 Metric spaces

In this section we introduce the metric, a generalization of the notion of distance.
We shall state some basic properties of metric spaces and name some particular
examples.

=1.

Definition 36 Let X be a nonempty set. The function o : X x X — R is called
a metric, if it satisfies for all x,y,z € X :

(i) o(z,y) =0 =z =y,
(1) o(z,y) = o(y, x),
(iii) o(x,z) < o(x,y) + o(y, 2).
The pair (X, 0) is called a metric space.

The properties of the metric it follows that ¢ attains only nonnegative values
(try to prove it!).

Example 6 Let X be the set of all cities in the Czech Republic. A metric on
X can be introduced e.q. as the direct euclidean distance, the shortest distance
vie roads or the travel time of a car.

Example 7 Let X = R™, n e N. Let us define the functions

n 1/p
dp(fv ?7) = <Z |:EZ - y2|p> fOT’p € [1700)7
i=1

doo (Z,9) := max |z; — y;l.

i=1,...,n

It can be shown that these functions are metrics on R™. The metric dy is called
the counting metric, ds is the euclidean metric and dy, is the maximum metric.
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Example 8 Levenshtein’s metric mearures the similarity of text strings. It is
defined as the minimal number of character substitutions, insertions or deletions
necessary to transform one string to another. E.g. lev(dog,frog) = 2, because
the transformation can be done as follows:

dog — fog — frog.
It can be shown that lev satisfies the axioms of the metric.

Example 9 Functions g2 and oo are metrics on the space C(I) of continuous
functions on a closed bounded interval I. The same holds on the space C(K),
where K is a compact (i.e. closed and bounded) set in R™, n e N.

Example 10 The pair (LP(Q), 0,), p € [1,00) is a metric space. Since contin-
uous function on Q belong to LP(QY), the pair (C(R),0p) is a subspace of the
metric space (LP(2), 0p).

3.3.1 Sets in metric spaces

Using the notion of metric, it is possible to generalize many objects introduced
through the euclidean distance in R such as a ball, a neighbourhood or an open
set.

Definition 37 Let (X, 0) be a metric space.

o A ball centered at x € X with the radius v > 0 is the set
By(z) :={ye X; o(z,y) <r}.

o A set O < X is called a neighbourhood of a point x, if there exists a
radius r > 0, such that O contains the ball B (x).

e If O is a neighbourhood of the point x, then the set O\{x} is called a ring
neighbourhood of .

o A set M is called open, if for every point x € M there exists a ball centered
at x and contained in M.

o A set is called closed, if its complement in X is open.

Example 11 A ball in the space R? centered at the origin has the following
shape:

a) square whose vertices lie on the azes and the barycenter at the origin, if
the counting metric dy is considered;

b) circle centered at the origin, if the euclidean metric dy is considered;

¢) square whose sides are parallel to the azes and the barycenter lies at the
origin, if the mazimum metric dy, is considered.

22



Definition 38 Let (X, o) be a metric space, x € X and M < M.

e A point x is an interior point of the set M, if there exists a radius r > 0
such that B.(x) < M. The set of all interior points of M is denoted
Int M.

o A point x is a boundary point of the set M, if every neighbourhood of x
contains some point from M and some point from X\M. The set of all
boundary points of M is called the boundary of M and is denoted OM .

e The closure of the set M is the set M := M U OM.

e A point x is an accumulation point of the set M, if every its ring neigh-
bourhood contains some point from M. The set of all accumulation points
of M is denoted Hr M.

e A point x is an isolated point of the set M, if x € M, but x is not an
accumulation point of M. The set of all isolated points of M is denoted
Iz M.

There are many relations between the previously defined sets. We give a few
examples: o
IntMcMcM, IntMnoM =,

M=HMulzM, HMnIzM =,
IzM < 6M, IntM < Hr M.

3.3.2 Convergence

Definition 39 A sequence {z,}nen in a metric space (X, 0) is called conver-
gent, if there exists an element x € X such that

lim o(x,,z) = 0.

n—aoo
We say that x is the limit of the sequence {x,} and write

x = lim x, in (X, ), orz, — z in (X, o).
n—o0
The limit in metric space shares many properties of the classical limit in R™.
E.g. every sequence has at most one limit. For the metric g,, p € [1,00], on
function spaces it holds that

(T 1w,)(2) = Tim (1)),

i.e. the limit in g, coinsides with the pointwise limit. When examining the
convergence of a sequence of functions, it is therefore suitable to check whether
the sequence has a pointwise limit.
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Example 12 Consider the sequence of functions {un},

() 10sin(nwz)  for z € [0,1]
Up () 1=
0 else

in the space C([0,1]). To decide whether the sequence is convergent or not, we
first need to find a suitable “candidate” for the limit. We compute the pointwise
limit at every x € [0,1]: Clearly limu,(0). For every x € (0,1] one can find
a number ng € N such that x > ni, so that for n = ng we have up(z) = 0,
and thus limu, (z) = 0. The pointwise limit of our sequence is hence the zero

function. It is possible to show that

which implies lim g3 (uy,,0) = 0,

1
QQ(Un,O) = Ea

and therefore
limu, =0 in (C([0,1]), 02)-

Further,
00 (tn, 0) = 10,

which implies that in the space (C([0,1]), 050) the zero function is not the limit
of the sequence {u,} (in fact, the sequence does not have any limit in this space,
so it is not convergent).

The above example reveals that the existence of a limit depends on the consid-
ered metric.

For bounded domains we can characterize relations between various conver-
gences.

Theorem 18 Let Q be a bounded domain in RY, d € {1,2,3}, and {u,} be a
sequence of functions.

(i) If up, — u in (C(Q), 0s), then u, — u also in (LP(N), 0,), p € [1,00).
(i) If uy,, — w in (LP(2), 0p), then uy,(x) — u(z) for almost all x € Q.

Definition 40 Let o' and ¢® be metrics on the set X. If there exist constants
a, > 0 such that for every x,y e X:

ag'(z,y) < 0*(z,y) < Bo' (z.y),
then we say that o' and 0® are equivalent on X.
If o' and o? are equivalent metrics then
z, »zin (X,0") < z,—zin(X,0%).

Equivalent metrics also induce the same open and closed sets.
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3.3.3 Complete metric space

Definition 41 A sequence {x,} in a metric space (X, ) is called a Cauchy
sequence if

Ve>03INeNVm,neN: mn>N = o(xy,,x,) <ec.

The distance of elements of a Cauchy sequence tends to zero when the indices
of these elements increase. Every convergent sequence is Cauchy, however the
reciprocal assertion does not hold true in general.

Definition 42 A metric space (X, ) is called complete, if every Cauchy se-
quence is convergent in this space.

Example 13 The spaces (R",d,), n € N, p € [1,00] are complete (due to
Bolzano-Cauchy theorem). The space (Q,ds) is not complete (e.g. the sequence
{(1+ 1)} is Cauchy but its limit e satisfies e ¢ Q).

Example 14 Consider the sequence of functions {u,},
up(z) == "N,

in the space (C([—1,1]), 02). Its pointwise limit is sgnx, a discontinuous func-
tion. Howewver it holds that

2
02(tn,sgn) = ma
so that pa(un,sgn) — 0, and consequently {u,} converges to sgn in the space
(L?(—1,1), 02). The sequence is hence Cauchy, but not convergent in (C([—1,1]), 02)-
This shows that the space (C([—1,1]), 02) is not complete. Similarly one can
show that the space (C (), 0,) is incomplete for any p € [1,0).

Theorem 19 The space (C(R2), 0) is complete.

Theorem 20 The space (LP(2), 0,), p € [1,00), is complete.

3.3.4 Dense set, separable space

Metric spaces in general do not have linear structure like linear spaces. Thus it
is not possible to define a basis. Every metric space, however, contains a subset
whose elements can approximate every element of the space.

Definition 43 We say that a set M < X is dense in the metric space (X,0),
if M =X.

If M is a dense set then for every x € X there exists a sequence {x,,} of elements
of M such that

T, — I.
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Theorem 21 The set of all polynomials is dense in LP(Q2), p € [1, ).

A consequence of the previous theorem is that for every function f € LP(£2) and
every number £ > 0 there exists a polynomial f. satisfying

If = fellp < e

The set of all polynomials is however quite large (namely uncountable).

Definition 44 We say that a metric space is separable, if it contains a dense
set which is at most countable.

If a space is separable then there exists a sequence of its elements which form a
dense set.

Theorem 22 The space LP(2), p € [1,0), is separable.
An example of a countable dense set in LP(2) is the set of all polynomials with

rational coefficients.

3.4 Normed linear spaces

Many sets have both properties of metric and linear spaces. In particular, in
LP(Q)) we can multiply by a scalar and add functions, measure their distance
and evaluate the norm. In such case we speak about a normed linear space.

Definition 45 Let X be a linear space. A function | -|| : X — R is called a
norm in X, if Vx,y e X, a e R:

(i) |z =0 < z =0,
(ii) |oz| = |af|z],
(i) ||z +y| < =] + ly[-
If there exists a norm in X then X is called a normed linear space.

With the help of a norm one can always define a metric:
o(z,y) = |z —yl,
thus every normed linear space is also a metric space.

Definition 46 A complete normed linear space is called a Banach space.

Example 15 Ezamples of norms and normed linear spaces:

o The set R with the absolute value ||x|| := |z|;
e R", neN, with the norm |(z1,...,z,)|, == (X, |z:[")?, p e [1,0), or
with the norm ||(z1, ..., Zn) |0 1= max;=1,. . |24;
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o C(Q) with the norm || - |, p € [1,0];

o LP(Q) with the norm |- |p, p € [L,0);

e CYQ):={feC(); Vi=1,...,n a% € C(Q)} with the norm || f| o1 ) =
IFlee. g+ Ziza 1 e 2

A special class of norms are matrix norms.

Definition 47 Let | - |x denote a norm in R™ and | - |y a norm in R™. An
induced norm in the space of matrices R™*" is defined by the relation
|AZ]y

[Alxy := max ——=—— = max [AZ]y.
zeRn\(0) [Zlx  zeRrn || x=1

Induced norms have the following properties:

|AB[xy < |A|xyIBlxy, p»(A)<[Alxy, [Txy =1

Example 16 Ezamples of induced matrix norms:
o A1 = maxz), = [AZ]L = max;_1..n 2" layl;
o |A]2 := maxyz,— |[AZ]s = \/p(ATA);
o [Aly :=maxz), -1 AT = max;—1,.m 25y |aij]-

There exist many other matrix norms that are not induced by any vector norm.
A frequently used is the Frobenius norm

|AllF =

One can show that the Frobenius norm is not induced but still it is multiplica-
tive:

|AB[r < [A]r[B]F.

3.5 Spaces H'(Q)

It is sometimes necessary to work with derivatives of functions from the space
L?(Q). Before introducing the new type of derivative, we mention a motivating
example. Consider a function u € C*([0,1]). If v € C1([0,1]), v(0) = v(1) = 0,
then by integration by parts we have:

1 1 1
L v (z)v(x) doe = [u(x)v(z)] ;o — L u(z)v'(z) doe = ff u(z)v'(z) dx.

Here we see that, while the left integral requires the existence of v, the expres-
sion on the right is defined also for w € L'(0,1). This leads to the following
definition.
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Definition 48 Let u € LP(Q). A function g € LP(Q) is called the generalized
partial derivative of the function u with respect to i-th variable, if for every
ve CHR), voq = 0, it holds:

L g(z)v(z) dz = — L u(x) ;; (z) da.

We write g = 2% in LP(Q).

aIi

Example 17 Let us compute the generalized derivative of u(x) := |z| in the
interval (—1,1). Forve C([—1,1]), v(=1) = v(1) = 0 it holds:

Nk |z (z) dz = — ' (—2)v'(z) dz — lxv'(:c) dx
I I J

0

= [zv(x)]%__, — f_ol v(x) dr — [zv(z)]i g + Jl v(x) de = J_ll sgnzv(x) du.

0
Hence v’ = sgn in LP(—1,1) for every p € [1,0).

Example 18 Consider the function u(z) = sgnz. Forve C*([-1,1]), v(=1) =
v(1) = 0 it holds:

_ f1 u(z)v'(z) de = — J_Ol(—v’(x)) dz — Jl () do

0
— @~ D@l = 200 =2 [ 8a(o)o(e) d

where Oy 1is the so-called Dirac §-function (in fact it is not a function but a
distribution). In certain sense it holds that sgn’ = 2dg, however 6y ¢ LP(€2).

Not every function from LP(f2) has a generalized derivative in LP(Q).
Definition 49 The space H'(Q)) is defined as follows:

~du

HY Q) :={uel?Q); Yi=1,...,n: P

e L3(Q)}.

It is equipped with the norm

noa 1/2
u
|l 1 () = (|U|§ + Z I £ |§)
i=1 v

and the scalar product

((u,0)) := (u,v) + 2(7 )

Theorem 23 The space H'(Q) is a separable Banach space.
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3.6 Spaces with scalar product

Scalar product plays an important role in many physical and engineering prob-
lems. We known the properties of the scalar product in Euclidean spaces R,
in L2(Q) or in H'(2). Now we present the general definition and properties of
spaces with scalar product.

Definition 50 Let X be (real) linear space. A mapping (-,-) : X x X — R is
called a scalar product, if for every x,y,z € X and o € R it holds:

(i) (z,x) = ,(x,a?)=0©x=6,
(w‘,y) Y, ),
) (o, a(z,y),

(iv) (w+y, z) = (z,2) + (y,2).

A linear space with a scalar product is called a space with scalar product.

Every scalar product induces a norm |||z||| := 1/(z, z). If X endowed with this
norm is complete then X is called a Hilbert space. There holds the so-called
Cauchy-Schwarz inequality:

Vo,ye Xo (2, y)l < [l - llylll-

Definition 51 A set M < X in a Hilbert space X is called orthogonal, if all
its elements are mutually orthogonal, i.e.

Ve,ye M,z #y: (x,y) =0.

If in addition
Vae M: |l - 1,

then M is called an orthonormal system.

An example of an orthonormal system is the canonical basis in R™ or the set

{\/12?} V) {\}% sinnx; n€ N} U {\/1% cosnx; n € N} in L*(—m,7).

3.7 Weak solution of a boundary value problem and the
Galerkin method

At the end we demonstrate the functional-analytic approach to the solution of
boundary value problems for ODE with discontinuous right hand side.
Let us consider the problem

—u" +u=fv(0,1), u0)=u(l)=0.
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If f € C[0,1], then it makes sense to look for the classical solution, i.e. a
function u € C%(0,1) n C[0,1] such that the above identities hold in the whole
interval (0,1). If the right hand side is less regular then the classical solution
need not exist. For this case we will demonstrate the derivation of the so-called
weak (generalized) solution.

Let us assume that u is a classical solution. Then for every v € V := {v €
C'[0,1]; v(0) = v(1) = 0} it holds:

(—u" + u,v) = (f,v).
Integrating by parts we obtain:

1

(—u" +u,v) = L (—u"(x) + u(z))v(z) dz

= [/ (z)v(x)]z=0 + f u' (@) () + u(@)o(z) do = ((u,v)).

0

Instead of a classical solution we can therefore look for a function u such that

((u,v)) = (f,0)

for all v € V.. Since V is not complete in the norm of H'(0,1), it is not suitable
for the definition of the generalized solution u. By completing V' in the norm of
H'(0,1) we obtain the space

H3(0,1) := {ve H(0,1); v(0) = v(1) = ('}

Weak (generalized) solution of the boundary value problem thus can be defined

as a function u € H}(0,1), which satisfies
Yoe Hy(0,1) : ((u,0)) = (f,v).

Note that this formulation has sense for every f e L?(0,1).
Let {v;}%, be a basis of the space H}(0,1). Galerkin approximation of the
weak solution is defined as a function

u(z) = Z alv;(x),

which satisfies
Vi=lo.on: (@) = (fv).
Expressing u” in the above identity we obtain a system of linear algebraic equa-

tions
n

Za?((’(}iﬂ]j)) = (f7vj)7 .7: 17"'7”7

i=1

!The expressions v(0), v(1) here denote the so-called trace of a function v.
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for the unknown coefficients @ := (af,...,a”)". Defining the matrix A =
(aij)ij=1, where a;; := ((vj,v;)), and the vector b = (b;)j_;, where b; := (f,v;),
we can rewrite this system in the compact form

Ail=b.

Due to the properties of the scalar product, the matrix A is symmetric positive
definite, hence the system has a unique solution for every beR".

One can also show that the sequence of functions {u™} is in certain sense
convergent and that its limit is the weak solution wu.

4 Notation

Below are listed and explained some symbols frequently used in this text.

symbol meaning

N set of all natural numbers (1, 2, 3, ...)
Z set of all integers

Q set of all rational numbers
R set of all real numbers

C set of all complex numbers
AcB A is a subset of B

AnB intersection

AuB union

A\B set difference

Ax B cartesian product
(a,...,an) ordered n-tuple

(a,b) open interval

[a,b] closed interval
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